We extend Borger's construction of algebraic jet spaces to allow for an arbitrary prolongation sequence, clarify the relation between Borger's and Buium's jet spaces and compare them in the extended sense. As a result, we strengthen a result of Buium on the relation between Greenberg's transform and the special fiber of jet spaces, including the ramified case. respectivelyétale) map in Sp R0 . Then the map J n f : J n X → J n Y in Sp Rn has the same property.
INTRODUCTION
In this paper we establish some of the foundational aspects of arithmetic jet space theory. In [Bui95] Buium introduced the general relative arithmetic jet spaces as prolongation sequences satisfying a universal property in terms of lifting p-derivations. It is noteworthy to mention that this theory was developed in the framework of p-adic formal geometry. Since then it has been extensively studied and applied to diophantine geometry [Bui96] , [BP] , differential modular forms [Bui00] , [BuSa1] , [BuSa2] and p-adic Hodge theory [BoSa1] , [BoSa2] . Very recently the theory of δ-rings (rings endowed with a p-derivation δ) have led to the development of the prismatic cohomology by Bhatt and Scholze [BhSc] .
On the other hand, over a Dedekind domain O with finite residue fields, Borger introduced arithmetic jet spaces in [Bor2, §10.3] which are purely algebraic. When O = Z, he showed that the completion of the Borger jet space along the special fiber over the fixed prime p is in fact Buium's absolute arithmetic jet space. The word absolute above refers to the fact that the objects and the adjunction property are over Spec Z. However, the general setting of arithmetic jet spaces over any fixed prolongation sequence (which is not necessarily the constant prolongation sequence) is not considered in [Bor2] .
In this paper, we generalize the above result in the relative setting where the constant prolongation sequence based on Spec Z is replaced by an arbitrary prolongation sequence. To do so, our main result is the adjunction property proved in Theorem 2.21, which we now describe in greater detail.
Firstly, we would like to fix some notations. Let O be a Dedekind domain with K as its field of fractions and fix a non-zero prime ideal p ⊂ O. Let us also fix π to be a generator of the prime ideal p. Let k = O/p be the residue field and also assume it to be a finite field of characteristic p and cardinality q = p h . The identity map on O is also tacitly fixed as the lift of the q-th power Frobenius, i.e., the identity on k, and the Witt vectors and jet spaces considered in this paper are regarding lifts of Frobenius compatible with respect to this choice of the identity map on O.
The Witt vectors W n described in [Bor1] are always considered with respect to the above data which we will denote by the pair (O, p) . In particular the most commonly used ptypical Witt vectors come from considering O = Z and p = (p), for some prime p ∈ Z, It is noteworthy to mention that the Witt vector functor W n depends on the choice of the base ring O and the maximal ideal p.
Given O-algebras A and B, we define a prolongation A (u,δ) −→ B to be the data of two maps u, δ, where u : A → B is a morphism of O-algebras and δ : A → B is a set-theoretic map (also known as a π-derivation relative to u) that satisfies:
δ(x + y) = δ(x) + δ(y) + C π (u(x), u(y)), −→ C 2 . . . } is called a prolongation sequence if for each n ≥ 0, u n+1 • δ n = δ n+1 • u n ; we will denote it by C * := {C n } ∞ n=0 . As an example, consider the prolongation sequence C i = O, u i = id, δ i (x) = δ(x) = π −1 (x − x q ). It will be denoted O * in what follows.
Prolongation sequences naturally form a category.
Let R * be a fixed prolongation sequence over O * and let C R * denote the category of prolongation sequences over R * . Following [Bui00] l we consider the functor
which associates to any R 0 -algebra the canonical prolongation sequence of its π-jet algebras.
Then as in Proposition 1.1 in [Bui00] J * A satisfies the following universal property:
for any prolongation sequence C * ∈ C R * . Our main result is the following natural bijection
for any R 0 -algebra A and any R n -algebra C, i.e., the functors J n and W n are adjoint; see Theorem 2.21. To prove the above result, we use an explicit expression (2.16), an inductive formula that provides a correspondence between the Witt and the Buium-Joyal delta coordinates. Note that here we adopt Borger's notation shifting indices on Witt vectors; see Remark 2.3. The adjointness of J n and W n allows us to prove an explicit comparison result between Buium's π-jet spaces and Borger's one, even in our more general context (Corollaries 3.5, 3.13).
In the last part of the paper we compare Greenberg's realization of a scheme X defined over a discrete valuation ring with the special fiber of the algebraic jet space associated to X; see Theorem 4.9. In particular we show that the special fiber of the p-jet space of a scheme X defined over a complete unramified extension of Z p coincides with the Greenberg realization of X; see Corollary 4.11. This generalizes [Bui96, Theorem 2.10] removing the smoothness hypothesis and a condition on the residue field.
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PROLONGATION SEQUENCE ALGEBRAS
2.1. π-derivations. We look more closely at π-derivations and prolongation sequences.
Recall that a π-derivation relative to u is a map δ A = δ : A → B that satisfies conditions (1.1) and (1.2). In the following we will sometimes write δx in place of δ(x) to relax the notation.
The ring O is endowed with a unique π-derivation δ(x) = π −1 (x − x q ). We will say that A is an O-algebra with π-derivation if A is endowed with a π-derivation δ A relative to
i.e., a k-algebra, A admits no structure of O-algebra with π-derivation. On the other hand, if A has no π-torsion, any O-algebra endomorphism φ : A → A which lifts the q-Frobenius If f * exists, we will say that D * is over C * . It is immediate to check that prolongation sequences form a category. Note that if (O, p) = (Z, (p)), then O * is the initial object in the category of prolongation sequences. We denote by C R * the category of prolongation sequences over the fixed prolongation sequence R * .
In this paper we will only consider prolongation sequences C * over O * .
Note that we may think of these sequences as shifted prolongation sequences
Now we introduce polynomials Q δ whose role will be more clear after the introduction of π-jet algebras; see Remark 2.15. In fact Q δ will be the image of Q via the universal πderivation. Following Buium's notation, we will work with indeterminates T = T (0) , T ′ = T (1) , T ′′ = T (2) , . . .
Proposition 2.2. Consider the polynomial ring
Let δ A be the corresponding π-derivation and let Q δ denote δ A (Q) for any poly-
iii) For any O-algebra with π-derivation (B, δ) and any b ∈ B it is
where δ n : B → B denotes the n-fold composition of δ.
Proof. Assertions i) and ii) are immediate since δ A (Q) = π −1 (φ A (Q) − Q q ). For iii), let φ : B → B be the ring endomorphism lifting the q-Frobenius on B/πB and associated to δ,
as desired.
2.2. π-typical Witt vectors. With the fixed O, π and q as above, we define the π-typical Witt vector functors W n = W π,q,n (where we omit the indices π, q if clear from the context) in terms of the Witt polynomials; see [Haz, Sch] for O a discrete valuation ring, [Bor1] for O a Dedekind domain. See also [Ahs, §1.1] for the ramification ring structure (O, π, q).
For each n ≥ 0 let us define the nth ghost ring n i=0 B to be the (n+1)-product O-algebra B ×· · ·×B where λ(b 0 , . . . , b n ) = (λb 0 , . . . , λb n ) for any λ ∈ O, and similarly for the infinite
Then for all n ≥ 1 there exists a restriction, or truncation, map
which is a morphism of O-algebras.
Now define W n (B) = B n+1 as sets, and define the map of sets
are the so-called Witt polynomials or ghost polynomials. The map w is known as the ghost map.
Remark 2.3. Do note that under the traditional indexing our W n would be denoted W n+1 ; our choice of following Borger's non-standard notation is motivated by the adjunction formula (2.23).
The ghost map w is injective when B has no π-torsion, e.g., if B is a ring of polynomials over O with possibly infinitely many indeterminates. This implies that we can endow W n (B) with a unique O-algebra structure such that w becomes a morphism of O-algebras. We will refer to W n (B) as the ring of truncated π-typical Witt vectors. When O is a discrete valuation ring it is usually called the ring of truncated ramified Witt vectors.
There are restriction, or truncation, maps First consider the left shift Frobenius operator on the ghost rings
and passing to limit
They are morphisms of O-algebras. The Frobenius morphism F : W n (B) → W n−1 (B), is the unique map which is functorial in B and makes the following diagram
Next we consider the O-linear map
is the map given by V (x 0 , . . . , x n−1 ) = (0, x 0 , . . . , x n−1 ); it makes the following diagram commute:
Similarly one defines the Verschiebung V : W (B) → W (B). The Frobenius and the Verschiebung satisfy the identities
The Verschiebung is not a ring homomorphism, but it is O-linear. Indeed, this is clear when B has no π-torsion since V w and w are morphisms of O-algebras; the general case follows considering any surjective homomorphism
Finally, we have the multiplicative Teichmüller map [ ] :
Remark 2.7. The Frobenius on W (B) lifts the q-Frobenius on W (B)/πW (B), and hence it induces a π-derivation ∆ on W (B) relative to the identity. Although this is a well-known fact, we demonstrate by using the previous identities. Let x = (x 0 , x 1 , . . . ) ∈ W (B) and write x = [x 0 ] + V (y) with V the Verschiebung map and y = (x 1 , x 2 , . . . ). Then by (2.5)
On the other hand,
where the first equality is due to the fact that p divides q j for 0 < j < q, the equivalence in the middle follows from p ∈ πO and the latter equivalence follows from (2.5) and (2.6) writing
Now we recall the universal property of π-typical Witt vectors:
Theorem 2.8. The functor W is the right adjoint of the forgetful functor Alg δ → Alg from the category of O-algebras with π-derivation to the category of O-algebras, i.e., there is a natural bijection
for any O-algebra B and any O-algebras with π-derivation C.
This fact is explained in [Jo] for the case π = p and in [Bor1, §1] for the general case.
Here we review the theory as follows:
The ring W (B) of π-typical Witt vectors is the unique (up to unique isomorphism) Oalgebra W (B) with a π-derivation ∆ on W (B) relative to the identity (see Remark 2.7) and an O-algebra restriction homomorphism T : W (B) → B such that, given any O-algebra C with a π-derivation δ relative to id C and an O-algebra morphism f :
Note that if B has a π-derivation δ relative to the identity, the above theorem asserts the existence of a canonical section exp δ : B → W (B) of T ; one can check that exp δ makes the diagram
In the general case, one defines g as the composition of the natural section exp δ of T :
Thanks to Proposition 2.2 we can make more explicit the description of exp δ in (2.9):
Proof. From diagram (2.9) we get P 0 (b) = b, P 1 (b) = δ(b), and more generally
Hence cancelling the common terms on both sides of the above equality we get
It is then clear that the polynomial
We would like to add a few words explaining why c i,j lies in O (although it is expected due to functorial reasons). If i + j − n ≥ 0 the fact is clear. Now assuming n − i > j, we will show that the p-adic valuation of c i,j is non-negative. Let q = p h and let e denote the ramification of p in O. Since i + j − n is negative and n − 1 − i
In the case when π = p, q = p the map exp δ in (2.9) is the one in [Jo, Proposition 1] and hence the polynomials P δ describe Joyal's δ n -operation.
From now until the end of the section let R * denote a fixed prolongation sequence over O * .
Proposition 2.11. Given any prolongation sequence C * ∈ C R * , for each n there exists a canonical morphisms of O-algebras C 0 → W n (C n ).
Proof. Consider the prolongation sequence C * written as
and consider the O-algebra obtained by taking the direct limit with respect to u n , denoted C ∞ = lim − → C n . Thanks to the maps in (2.1) the δ n 's induce a π-derivation δ on C ∞ relative to the identity. Then by the universal property of Witt vectors in Theorem 2.8 we have a canonical morphism of O-algebras
where exp δ (c) = (P 0 (c), P 1 (c), . . . ) with P n (c) := P n (c, δc, . . . , δ n c) and P n is the polynomial introduced in Proposition 2.10. Therefore by composition we obtain
where T is the restriction map of Witt vectors. Now note that the map C 0 → W n (C ∞ ) is given by c → (P 0 (c), . . . , P n (c)) for all c ∈ C 0 . Since P i (c), for each i ≤ n, is a polynomial in c, . . . , δ i c, with coefficients in O, the map T • exp δ • u factors through W n (C n ) and we are done.
The above results say that there are, in general, no sections of the reduction map W n (C 0 ) → C 0 . However one section exists by replacing C 0 with C ∞ and the latter section induces a lifting of C 0 → C n to W n (C n ) as depicted below
Corollary 2.12. Let B be an R n -algebra. Then W n (B) is an R 0 -algebra.
Proof. Let f : R n → B be the structure map. Now by Proposition 2.11, we have the Oalgebra map R 0 → W n (R n ) and hence composition with W n (f ) : W n (R n ) → W n (B) gives us the claim.
2.4. π-jet algebras. We continue with the notations of the previous subsection and let R * denote a fixed prolongation sequence of O-algebras. We now consider the functor
as defined by Buium in [Bui00] . Assume A has presentation A = R 0 [x]/(f ) where x is a collection (possibly infinite) of variables x γ , γ ∈ Γ, and f is the system of defining poly-
and I is an indexing set. One has a prolongation sequence (2.13)
where δ i f = (δ i f j ) j∈I ; we obtain in this way a prolongation sequence
where u i .δ i still denote the maps induced by the u i and δ i in (2.13). We further have ring homomorphisms φ = φ n : J n A → J n+1 A, a → u n (a) q + πδ n (a), and with φ n : A → J n A we will denote the composition φ n−1 • φ n−2 • · · · • φ 0 .
For any R 0 -algebra A, J * A = {J n A} ∞ n=0 is called the canonical prolongation sequence of π-jet algebras over R * associated to A. Then for each n, J n A is an R n -algebra and we can consider the direct limit J ∞ A = lim − → J n A, with transition maps u n , which is endowed with a canonical π-derivation δ = lim − → δ n relative to the identity which is lim − → u n . Moreover, any J n A is an A-algebra via the u i ; for any a ∈ A, we let the same letter denote its image in J n A.
Remark 2.15. For
. . , T (n) ] with u n the obvious inclusion and δ n the map sending a polynomial Q to Q δ , as defined in Proposition 2.2.
Consider the canonical morphism exp δ,n : A → W n (J n A) as constructed in Proposition 2.11; it is given by exp δ,n (a) = (P 0 (a), . . . P n (a)) (2.16)
where P i (a) are polynomials in a, δ(a), . . . , δ i (a) with coefficients in O as introduced in Proposition 2.10. In particular we have the following recursive formula (2.17) P n (a) = P δ n−1 (a) +
for any n ≥ 1 and a ∈ A, where P δ i (a) = δ(P i (a, δ(a), . . . , δ i (a))). . , x (n) ]/(P 0 (f ), . . . , P n (f )) ≃ R n [P 0 (x), . . . , P n (x)]/(P 0 (f ), P 1 (f ), . . . , P n (f )).
Note that for
We can now prove that Buium's π-jet algebras functor is left adjoint to the functor of π-typical Witt vectors.
Theorem 2.21. The functor J n from the category of R 0 -algebras to the category of R n -algebras is left adjoint to the functor W n := W π,q,n .
Proof. Let B be an R n -algebra and view W n (B) as an R 0 -algebra as in Proposition 2.12. We first consider the case
Then we have a natural bijection
Hom R0 (R 0 [x], W n (B)) ≃ Hom Rn (R n [x, . . . , x (n) ], B), g → Φ(g).
By construction the following diagram
commutes for all 0 ≤ i ≤ n, where the map pr i is the set-theoretic projection onto the ith component, i.e., pr i (b 0 , . . . , b n ) = b i . Note that the commutativity of the square on the right is trivial, while the commutativity of the triangle on the left depends on exp δ,n (x γ ) = (P 0 (x γ ), . . . , P n (x γ )) (2.16), and the definition Φ(g)(P i (x γ )) = b γ,i .
Applying again (2.16), one checks that g(f ) = 0 if and only if φ(g)(P i (f )) = 0 for any 0 ≤ i ≤ n. Together with Corollary 2.20 this fact says that g in diagram (2.22) factors
Hence for any R 0 -algebra A and any R n -algebra B there is a natural bijection (2.23)
Hom R0 (A, W n (B)) ≃ Hom Rn (J n A, B) , g → Φ(g), (where W n stands for W π,q,n ), such that the diagram
commutes, and we are done.
JET SPACES
In this section, we wish to reconcile two apparently different approaches to π-jet spaces, one due to Buium and the other to Borger. When working with affine schemes we generalize both constructions to our context showing that they coincide. It is easy to see that Borger's construction extends naturally to non-affine schemes while Buium's construction requires additional assumptions, e.g. nilpotency of p, and one is led to work with formal schemes. After introducing both constructions we compare them in Corollaries 3.5 & 3.13.
Our result was known to Borger in classical cases (cf. [Bor2, 12.8] ).
3.1. Buium's π-jet spaces. In [Bui96] Buium develops the theory of π-jet spaces in the category of π-formal schemes. However we want to talk about it in two distinct steps: first for the affine case and then for the non-affine case where we will be in the context of π-formal schemes only.
Note that from (2.14), one can naturally introduce the Buium jet space of an affine scheme X = Spec A setting J n Bu X := Spec J n A. Now we will pass to the π-formal category to follow Buium's original construction in [Bui96] . LetÔ be the π-adic completion of O p and assume that our fixed prolongation sequence R * consist of complete π-adic rings overÔ. For an affine π-formal scheme Y = Spf A, set J n Bu Y = Spf J n A where J n A is the π-adic completion of J n A. Now given a π-formal scheme X over R 0 along with an open affine cover Buium in [Bui95, p.315 ] defines the n-th jet space J n Bu X as
where the glueing data of the spaces J n Bu V i naturally comes from that of the open subschemes V i . The fundamental reason why such a glueing is possible is the fact that for π-adically complete algebras A over R 0 one has the following canonical isomorphisms of localized R n -algebras (3.2) J n (A s ) = (J n A) s , for all s ∈ A Nil(A).
Here one may ask the question of following a similar procedure as above for constructing an n-th jet space J n Bu X for a general scheme X over R 0 . For any algebra A (not necessarily π-adically complete) we have
If A is a π-adically complete algebra then (3.3) leads to (3.2). However this is not true in general for an A that is not π-adically complete and hence this approach will not directly apply to the scheme context.
3.2. The algebraic jet spaces. In this subsection we will develop some of the functorial theory of jet spaces over a fixed prolongation sequence R * . Much of the notation is borrowed from [Bor2] . One of the main goals of this section is to prove Theorem 3.9 and the proof is very much an adaption of the argument given for Theorem 12.1 in [Bor2] . However since our base prolongation sequence is not O * in general, it is worthwhile to give some details.
For a fixed affine scheme S = Spec R, let Aff S denote the category of affine schemes over S equipped with theétale topology and let Sp S denote the category of sheaves of sets on Aff S . Then we can consider the fully faithful embedding of the category of S-schemes, denoted by Sch S , inside Sp S . If f : S ′ → S is a morphism of affine schemes and X a sheaf in Sp S , we write S ′ × S X for the pullback of X to Sp S ′ . When R is a ring decorated with sub-and superscripts we will write Aff R in place of Aff S and Sp R in place of Sp S .
Let R * = (R 0 → R 1 → . . . ) be a fixed prolongation sequence and set S (n) = Spec R n and S (n) m = S (n) × Spec O Spec O/(π m ) its reduction modulo π m ; note that following Borger's notation subscripts on rings become superscripts on schemes.
For any n ≥ 0 and any sheaf X in Sp R0 we generalize Borger's construction introducing a sheaf J n X in Sp Rn given by
for every R n -algebra B, where W n (B) is here considered with its R 0 -algebra structure as in Corollary 2.12. When R * = O * , this sheaf is the one denoted by W n * (X) in [Bor2, §10.3] .
When both X and J n X are representable by schemes we may write (3.4)
Hom Rn (Spec B, J n B) = Hom R0 (Spec W n (B), X).
Theorem 2.21 immediately implies the following Corollary 3.5. Let X be an affine scheme over R 0 . Then there is a natural isomorphism of sheaves J n X ≃ J n Bu X.
In particular J n (X) is representable by an affine R n -scheme.
Following [Bor2, §10.10] we say that a map f : X → Y in Sp R0 is formallyétale if for all nilpotent closed immersionsT → T of affine schemes the induced map
is a bijection. Further f is locally of finite presentation if for any cofiltered system (T i ) i∈I of affine schemes over Y , the induced map colim i Hom Y (T i , X) → Hom Y (lim i T i , X) is bijective. Finally f is said to beétale if it is locally of finite presentation and formallyétale.
For f a morphism of schemes, these definitions are the usual ones. Proposition 3.6. Let f : X → Y be a formallyétale (respectively locally of finite presentation, 3.3. Representability of algebraic jet spaces. Theorem 3.9. If X is an R 0 -scheme then J n X is an R n -scheme for all n.
Proof. We proceed by steps. Note that the fixed prolongation sequence R * lies above the constant prolongation O * .
First assume that X = Y × O S (0) , i.e. it is obtained by base change from an O-scheme Y . By definition
for any R n -algebra B where W n (B) is endowed with its R 0 -algebra structure and W n * (Y ) is the absolute arithmetic jet space as in [Bor2] .
By [Bor2, Theorem 12 .1] W n * (Y ) is represented by an O-scheme. Hence J n X is represented by an R n -scheme.
In the general case, let X be any R 0 -scheme. In particular it is a O-scheme and we can consider the closed immersion
By the previous step J n X ′ is representable by an R n -scheme. Since J n (j) : J n X → J n X ′ is a closed immersion by Lemma 3.8, J n X is representable by an R n -scheme as well.
The scheme J n X is called algebraic (π, q)-jet space of level n, or simply jet space of level n, associated to X.
Let us use the same notation for the restriction J n : Sch/R 0 → Sch/R n from the category of R 0 -schemes to the category of R n -schemes. This latter functor has a left adjoint, denoted by W * n , which associates to any R n -scheme Y the W n (R n )-scheme W * n (Y ) constructed by gluing Spec W n (A) as Spec A varies among the open subschemes of Y . For the construction of W * n (Y ) see also [LZ] , [Bor2] . Due to Corollary 2.12 it is an R 0 -scheme.
3.4. The π-fiber. For a sheaf X in Sp R0 let X (n) denote its pullback S (n) × S (0) X to Sp Rn .
Note that there is a canonical morphism of sheaves in Sp Rn (3.10) J n X → X (n) which is given by the maps X(W n (B)) → X(B) induced by the projection W n (B) → B
for every R n -algebra B (cf. the co-ghost map κ 0 in [Bor2, 10.6.9]).
By (3.10) and functoriality of J n there exists a morphism
in Sp Rn . The following proposition states that this map becomes an isomorphism when working modulo powers of π.
Proposition 3.12. Let f : X → Y be a map in Sp R0 which is formallyétale. Then the map
m for all n and m.
Proof. Let B be an (R n /π m R n )-algebra. Then (3.11) gives the following canonical map
on B-sections. Now we will construct an inverse to the above map. Given an element g ∈ Y (W n (B)) × Y (B) X(B) this is determined by a pair of sections (g ′ , g ′′ ) making the following diagram commute
Note that the left vertical arrow is a nilpotent thickening of Spec B since π is nilpotent in B and hence the ideal V (W n (B)) is nilpotent by (2.5) and (2.6). Since f : X → Y is formallý etale, there is a unique liftg : Spec W n (B) → X of g ′′ and we are done.
As a consequence, one can get that on the level of formal schemes the jet functors respect open affine coverings. 
As consequences the formal π-completion of J n X is isomorphic to J n Bu X and the special fiber of J n X is covered by the special fibers of the open subschemes J n U i 's.
Proof. Representability by a scheme is clear by Theorem 3.9. By Corollaries 3.7 and 3.5 we know that the canonical map S m × S (n) J n X is an isomorphism. Given any section s ∈ J n (X)(B) = X(W n (B)) with B an R 0 -algebra, up to localization on W n (B) (or equivalently on B, since the corresponding affine spectra are homeomorphic) we may assume that s comes from a section s i : Spec(W n (B)) → U i . Since U i (W n (B)) = J n (U i )(B) ⊂J(B), the section s lies inJ(B) and we are done.
Let X be an R 0 -scheme, let J n X denote the special fiber of J n X, i.e.,
and let J Bu X denote the special fiber of the π-formal scheme J n Bu X.
Corollary 3.14. Let X be an R 0 -scheme. For all n ≥ 0 we have J n X ≃ J n Bu X.
Proof. This follows from (3.1) and Corollaries 3.5 and 3.13.
JET SPACES AND GREENBERG TRANSFORM
In this section, we let W (B) denote the ring of p-typical Witt vectors with coefficients in a ring B (i.e, W π,q (B) with π = p, q = p). In addition, let R be a fixed local artinian ring with perfect residue field k ′ of characteristic p. We recall the definition of the Greenberg algebra and the Greenberg transform.
4.1. Greenberg algebra and Greenberg transform. The Greenberg algebra associated to R, is the affine k ′ -ring scheme R which represents the fpqc sheaf associated to the presheaf
see [Gre, Lip, BGA] for an explicit description. There exists a canonical surjective homo- (Spec(R(B) ), Z).
By [Gre] and [BGA, Proposition 6.4] , the above functor is representable by an affine scheme Gr R (Z) = Spec(Gr R (A)), called the Greenberg transform or Greenberg realization of Z and hence (4.3)
for any k ′ -algebra B. In particular there is a natural bijection (4.4)
If R = W m (k ′ ) then the above adjunction gives for any k ′ -algebra B
(4.5) 
for any k ′ -scheme Y and any R-scheme X; see [BGA, §6] . where the arrow in the middle is induced byũ. Hence we have a natural homomorphism J me−1 (A)⊗Õk → Gr me−1 (A), or in other words there is a natural morphism Gr me−1 (X) → J me−1 (X) ofk-schemes. Sinceũ maps R(B) ≃ W m−1 (B) ⊗ W (Fq) O/π me O isomorphically to W π,q,me−1 (B), when B is perfect [FF, 1.2.1], the morphism v is an isomorphism when passing to inverse perfection [BGA2, §5] . Further, since for e = 1 and m = 1 the map u = u 0 is the identity on B, assertion ii) is clear.
Example 4.10. Let X = A 1 R . Then Gr m (A 1 R ) = R = W m−1,k , J m−1 (X) = W p,q,m−1 , the W (k)-scheme of ramified Witt vectors. The map v : Gr m−1 (A 1 R ) → J m−1 (X) × R Speck in Theorem 4.9, evaluated on ak-algebra B, coincides with Drinfeld's map u m−1 in (4.7) and therefore is not an isomorphism in general.
The mapũ in the proof of the previous theorem is studied in details in [BC] when showing that the perfection of the Greenberg algebra ofÕ is the special fiber of the ring scheme of ramified Witt vectors.
Let X be an R-scheme of dimension r. As noted in [Bui95, p.316] one cannot expect that, in the ramified case, the Greenberg transform and the special fiber of the jet space have the same dimension at all levels. However, Theorem 4.9 implies equality for a cofinal subset of the set of levels.
